We present two options for length sensing and control of a three mirror coupled cavity. The control of the first cavity uses phase modulation and single demodulation, whereas the control scheme for the second cavity incorporates amplitude or single sideband modulation and phase modulation in combination with a beat frequency demodulation scheme. Their theoretical and experimental performances are discussed as well as their relevance for possible implications for future interferometric gravitational wave detectors.
Introduction
First generation laser-interferometric gravitational wave detectors (GEO 600 [1] , LIGO [2] , TAMA [3] , VIRGO [4] ) have begun operation and most of them are close to design sensitivity. Even as these first generation detectors have started their search for gravitational waves, the design and developments of second generation detectors, such as Advanced LIGO [5] , Advanced VIRGO [6] , GEO-HF [7] and LCGT [8] , are under way.
In first generation interferometers the shot noise and the radiation pressure noise are uncorrelated [9] . This is largely true for a Michelson interferometer and certain variations, such as power recycled interferometers as used in initial LIGO. With increased input and higher circulating power, as proposed for the second generation detectors, and the addition of a signal recycling cavity at the output port of the interferometer, as already used at GEO600, it is possible to build up dynamical correlations between shot noise and back-action noise [10] .
The sensitivity of second generation detectors is expected to be quantum-noise limited in much of the detection band from 10 to 10 4 Hz [11] . Theoretical and experimental investigations are in the early stage to overcome this standard quantum limit (SQL) in third generation detectors [12] - [14] . In these interferometric gravitational wave detectors the radiation pressure noise will play a significant role to overcome the quantum limit.
A three mirror coupled cavity is a useful starting point to study the radiation pressure effect, since it can be considered to represent a recycling cavity and an arm cavity of a full scale interferometer. Here, we introduce two possible methods for the control of a three mirror coupled cavity and discuss their performance.
Control signals for the three mirror coupled cavity
Suspended cavities are usually controlled, to maintain a certain resonance condition, by applying the Pound-Drever-Hall technique [15] or one of its advanced extensions [16] . The general concept is to modulate the laser light so that there are several frequency components resonating in the cavities. The extracted signal is demodulated and is a measure of the beat of these components, revealing the relative position of the mirrors. These error signals allow stabilisation of the laser frequency or length control by feed back to the mirror (as discussed in detail in section 3). To control a fully suspended three mirror coupled cavity, it is necessary to control two degrees if freedom. Suitable modulation and demodulation schemes were analysed using FINESSE [17], whereby it was an objective to have both cavities on resonance, no pick-off mirrors inside the cavity system, and for practical reasons to use RF frequencies in the range between 5 and 100 MHz. The parameters for the simulation were given by the design values (which differ a little from the final values) of experimental setup − see Figure 1 . The two mirrors of the power recycling cavity (PRC), the PRM and ITM (with transmission and reflection coefficients of T P RM = 0.1, R P RM = 0.899, T IT M = 0.01 and To find suitable RF frequencies for these cavities their lengths were changed microscopically and the corresponding error signals and their gradients were analysed. The results of this analysis, using different modulation/demodulation schemes, are summarised below.
Control signal for the arm cavity
Suitable control signals for the ETM, using phase modulation (PM) and single demodulation, were found at the following RF frequencies: RF AC ET M,P M ∼ n * F SR AC , where n is an integer. After analysing the magnitude and gradient of the error signals at these RF frequencies, it was found that for the AC control a RF frequency three times the F SR AC (i.e. 46.526 MHz) is the most suitable one.
Control signal for the power recycling cavity
Control signals for the PRM, using phase modulation and single demodulation, were found at the following RF frequencies: RF P RC P RM,P M ∼ n * F SR P RC . The simulations retrieved three suitable frequencies with error signals of approximately the same magnitude and gradient. Each of these RF frequencies would be appropriate for controlling the PRC. However, these error signals displayed additionally a strong feature originating from the AC, RF P RC ET M,P M ∼ (n + 1/2) * F SR P RC , which would make it necessary to separate these signals through gain hierarchy, as successfully applied in initial LIGO [18] , [19] . In practice, this scheme works well, but it requires more effort in control design.
A new method is proposed to control the PRM using amplitude modulation (AM) or single sideband modulation (SSB) in combination with an additional PM signal, which is non-resonant in both cavities. Both schemes give appropriate PRM control signals using double demodulation [16] , which is equivalent to beat frequency demodulation. Suitable control frequencies for the AM/PM combination were found at RF P RC P RM,AM/P M ∼ (n + 1/2) * F SR P RC and for the SSB/PM configuration at RF P RC P RM,SSB/P M ∼ (n + 1/2) * F SR P RC . The gradient and magnitude for the corresponding error signals were found to be approximately the same for these frequencies. These control signals displayed little contamination from the ETM signal, and what there is occurs far away from the carrier resonance in the AC. In practice, this scheme provides simple control, but requires an additional modulator.
In consideration of the required efforts for designing a control system for the PRM, the decision was made to use the combination of an AM or SSB at a modulation frequency of 13.937 MHz, and a PM of 10 MHz; and retrieving the error signal (at 3.937 MHz) through double demodulation. Since our experimental setup allows us to change between AM and SSB configuration, by changing the wave plate settings [20] , it offers an ideal opportunity to compare these modulation schemes, which were initially thought to be essentially equivalent.
It should be noted that the values above refer to the design values, and can therefore be used only as a guidance for designing a new control system. This means, for instance, that a change of the cavity length alters the FSR and therefore the required RF modulation frequency. Other parameters, e.g. modulation indices, needed to be modified due to limitations of power handling of RF equipment used in the experimental setup. To match the parameters to the experimental test system it was necessary to alter the length of the AC and PRC to L AC = 9.78 m and L P RC = 5.16 m, which correspond to a free spectral range of F SR AC = 15.32 MHz and F SR P RC = 29.04 MHz respectively. It was found that the RF frequency for controlling the AC was relatively insensitive to small deviations from the 'design' cavity length, and therefore no alteration was required. However, the RF frequency of the resonating sidebands of the PRC is very sensitive to the actual cavity length, and therefore had to be changed to a modulation frequency of 14.525 MHz [21] . The modulation index for the 46.526 MHz modulator was altered to 0.73 and that for the 14.525 MHz generation to 0.03 for the AM/PM arrangement and 0.01 for the SSB/PM. In the case of the 10 MHz modulator the modulation index was changed to 0.6 (AM/PM) and 0.5 (SSB/PM) respectively. In the following the parameters will refer to the actual values of our experimental setup.
Optimal demodulation phase and Sensing matrix
The optimal demodulation phases for detecting these error signals are given at the phase where the coupling between the longitudinal degrees of freedom is a minimum. There are two possibilities to optimise the demodulation phases: First, to maximise the error signal for the cavity which is controlled, or second to minimise the response of the error signal to the cavity which is not controlled. Before discussing our choice of demodulation phases we would like to define our reference first: A demodulation phase of 0
• refers to the inphase signals. Further it should be noted that in the model the demodulation phases were determind to a very high precision (up to 9 digits) to optimise the parameters. In practice it is impossible to set up the demodulation phase with such accuracy. In the present case the optimal demodulation phase for the AC signal is at 184.2705
• , which corresponds to the maximum response to ETM motion ( Figure 2 ). In the AM/PM scheme the optimal demodulation phase for detecting the PRC error signal is given at 87.8423
, which is the minimum respose to ETM motion. This minimum response of the PRM is the same for SSB/PM scheme, but for the SSB/PM detection a demodulation phase of 90.0572
• was chosen, which gives the 'zero-crossing' at the carrier resonance (90
. (The 'zero-crossing' refers to the phase of the error signal where its magnitude is 'zero'.) The reason for choosing a demodulation phase which does not correspond to the minimum coupling can be found in the fact that the position of the zero-crossing varies in the SSB/PM scheme with the demodulation phase; whereas the position remains unchanged in the AM/PM scheme. In practice the servo is designed to lock at the carrier resonance, therefore the demodulation phase in the SSB/PM arrangement needed to be adjusted to avoid introducing an offset in the error signal detection. The position of the zero-crossing for various demodulation phases is displayed for the AM/PM and SSB/PM arrangement in Figure 4 and Figure 5 respectively. Using these choices of demodulation phase, the gradients for the PRC signal (pd4 signal) and the AC signal (pd46 signal) were determined at the carrier resonance of the PRC (90 • ) and the AC (0 • ) respectively, and are given as displayed in the normalised sensing matrices for the AM/PM and SSB/PM arrangement in Tables 1 and 2 .
From Table 1 it can be seen that in the AM/PM arrangement the diagonal elements of both photodiodes (pd4 and pd46) are much larger than the off-diagonal elements, as desired. Whereas in the SSB/PM arrangement ( Table 2 ) the off-diagonal element of the pd4 photodiode is larger than the diagonal element. Remembering that the offdiagonal elements in an 'ideal' control matrix vanish, it follows that with respect to control system robustness the AM/PM arrangement would be the preferred scheme.
RF control scheme
To control these two cavities two feedback systems are required ( Figure 6 ). The AC is locked by stabilising the laser frequency. The AC servo is feeding back via three different paths: First, to the temperature controller of the laser, which compensates the long-term temperature drifts, in the very low frequency range (<0.6 Hz); second, to a piezo-electric transducer (PZT) that is bonded onto the YAG crystal (0.6 Hz < 9 kHz); and third to an electro-optic modulator (EOM) to allow feedback at higher frequencies (>9 kHz). The PRC is locked by feeding back to the mirrors, which uses a coil/magnet arrangement to provide actuation of the mirror position.
The error signal for controlling the AC (46.526 MHz) is obtained by using the single demodulation scheme, where the beat between the carrier and the phase modulated signal is detected by a tuned photodiode at 46.526 MHz.
There are various options to set up a RF system to extract the PRC control signal. Here we have chosen to use an 4.525 MHz local oscillator to extract the PRM control signal as the beat between the 14.525 MHz and the 10 MHz sidebands. This beat frequency demodulation scheme was easier to implement with the equipment available, especially with respect to the setting of the demodulation phase. This was found to be crucial for optimising the PRC error signal.
Coupling Measurements
After aligning both cavities manually, using the transmitted light and the error signal as guidance, the three mirror coupled cavity was locked. For the coupling measurements a signal at 6 kHz was injected into the AC or PRC servo, and the response was measured at the AC and PRC error points. 
MHz (AC signal). These control signals allow the cavity system to be held to its desired operating point by electronic feeding back to the cavity mirror and laser frequency respectively. The feedback loops are described in the text.
For the AC injection, a signal with a magnitude of 30 mV pk was injected into the input stage of the AC servo; and the corresponding signals were measured at the error points of the AC and PRC servo. For the PRC injection, the injected signal at the input stage of the PRC servo had a magnitude of 2 V pk ; the corresponding signals were measured at the error points of the servos.
To compare these measured values with our modelled values a few corrections and conversions are required. First, a signal injection at 6 kHz lies within the servo band of the AC servo, which has a unity gain frequency of ∼40 kHz, whereas it lies outside the servo band of the PRC servo, having a unity gain at ∼500 Hz (Figure 7 ). Therefore the AC signal needs to be corrected.
It was checked by modelling that the changes in laser frequency resulting from AC feedback had no significant effect on the PRC control.
Second, the coil driver frequency response to PRM motion needs to be considered for both error signals. For this the AC was misaligned and the PRC was locked to the carrier resonance. A signal (2 V pk ) was injected into the PRC servo, and the coil driver response to the PRC signal was measured. Thereafter a signal (3 mV pk ) was injected into the PZT input of the AC servo, and the response to the PRC signal was measured. From these measurements, with consideration of the open loop gain of the AC, the corresponding PZT response for the three mirror coupled cavity can be calculated. It was found that coil driving is approximately 1.66 times stronger than PZT driving during the three mirror cavity lock. Third, for comparing our measured values with these modelled in FINESSE one has to consider that the measured values are frequency dependent whereas these from the model are static. Therefore the required scaling factors were found from the transfer functions, using FINESSE, and the values corrected accordingly. After all these corrections the normalised sensing matrices for the AM/PM and SSB/PM arrangement are given, in Table 3 and Table 4 , as:
6.3811e-06 1.4220e-06 pd46
9.2621e-02 1.0000e+00 
Discussion
Before discussing our measured control matrices we would like to emphasise that the AM/PM and the SSB/PM arrangement provided a robust control for the three mirror coupled cavity.
AM/PM Configuration
When comparing the modelled gradients (Table 1 ) with the measured ones (Table 3) , for the AM/PM configuration, it can be seen that the experimental value for the pd4 AC is much larger than the theoretical one, because the demodulation phase cannot be set suifficiently accurately. The measured value for the pd46 P RC is approximately 37 times larger than the modelled one, and that for pd4 P RC is approximately two times smaller.
To explain these discrepancies, the effects of deviations from the nominal values (as used in the model) are analysed, in terms of the modulation index, the optimal demodulation phase and the cavity length (which represents essentially an offset from the modulation frequency). Further, we assume that our (experimental) mode-matching error, due to beam waist and beam geometry, accounts for less than 10 %, and is therefore negligible for discussing the above stated discrepances.
Our modelled gradients result from ideally matched parameters. This is not true in practice for the measured gradient of the pd46 AC signal, which was used to normalise our sensing matrix. Therefore, before discussing these discrepancies, we would like to focus first onto the gradient of the pd46 AC error signal.
At the error point the gradient of the pd46 AC error signal is approximately linearly proportional to the modulation index. Assuming that our experimental modulation index for the 46 MHz sideband (nominal 0.73) is accurate to within 5 %, this deviation would alter the gradient by approximately 3 %, which is, in view of the missing factors, insignificant. Small deviations (±0.03 m) from the nominal AC length are found to have a minor effect on the gradient of the error signal (Figure 8 ). The gradient of the pd46 AC is relatively insensitive to offsets from the optimal demodulation phase. An offset of 5 • from the optimal demodulation phase might be plausible, which would decrease the gradient at the error point by approximately 6.1 %. The change of the gradient of the pd46 AC error signal, due to these deviations, would alter the gradients of the pd4 AC , pd4 P RC and pd46 P RC accordingly, which is negligible in consideration of the above stated differences between the modelled and measured values. Therefore it can be concluded that our measured gradient of pd46 AC signal is well suited to normalise our sensing matrix.
The discrepancy in the pd4 AC gradient can be explained by the fact that the demodulation phase in the model was very well matched (to a precision of 9 digits), in practice it is impossible to tune the demodulation phase with such an accuracy. A deviation of 0.00002
• from the optimal demodulation phase (87.8423
• ) would account for the missing factor.
The discrepancy in the gradient of the pd46 P RC signal originates mainly from a deviation from the optimum demodulation phase, since the arguments given in the discussion of the pd46 AC signal are also valid for the pd46 P RC signal − see Figure 9 .
For the PRC signal the offset from the optimal demodulation phase lies within 1
• , which results in a uncertainty of approximately 3 % in the gradient of the pd4 P RC signal is linearly proportional to the modulation index. A deviation of 10 % from the nominal modulation index (0.03) of the 14 MHz sideband results in a change of approximately 10 % in the gradient of the pd4 P RC signal. A 10 % impurity of the AM signal, which is essentially a reduction of 0.003 on the nominal AM modulation index (0.03) and an additional PM modulation with an index of 0.003, reduces the slope of the pd4 P RC signal by approximately 10 %. It follows that small deviations from the above stated criteria can not account for the discrepancies between the modelled and measured values. From the previous discussion we can conclude that small deviations from the nominal values of the modulation index, the optimal demodulation phase and the cavity length do not account for the discrepancies in the measured and modelled gradients of the pd4 P RC and pd46 P RC error signals. While performing the measurements it was obvious that alignment affected these error signals. Even when all care was taken to align (manually) to the TEM00 mode, by minimising resonance features of the error signal due to higher order modes and by maximising the transmitted light power, it proved impossible to completely eliminate the higher order spacial modes. It is assumed that the discrepancies in the pd4 P RC and pd46 P RC gradients arise due to insufficient alignment accuracy and it is expected that considerably better agreement of this would be achieved had a wave-front-sensing/auto-alignment control been implemented.
SSB/PM Configuration
When comparing the modelled values (Table 2) for the SSB/PM configuration with the measured ones (Table 4) it can be seen that the experimental value for pd46 P RC is approximately 13 times larger than the theoretical one. The measured value for pd4 P RC is close to the modelled one, and that for pd4 AC is approximately three times larger.
These discrepancies are discussed as in the AM/PM configuration, by taking account of deviations from the nominal values of the optimal demodulation phase, cavity length and modulation index.
The argumentation for the pd46 AC and pd46 P RC signals is the same as in the AM/PM configuration, since the 46 MHz signal is not affected by the configuration for the detection of the 4 MHz signal.
From Figure 11 it can be seen that an offset of 2
• from the optimum demodulation phase results in a decrease of approximately 5.8 % in the gradient of the pd4 P RC signal and that small deviations from the optimal modulation frequency (±15kHz) have a negligible effect on the pd4 P RC signal. Further, it can be shown the gradient of the pd4 P RC error signal is close to linearly proportional to the modulation index. A deviation of 10 % from the nominal modulation index (0.01) of the 14 MHz sideband results in a change of approximately 10 % in the gradient of the pd4 P RC signal. It can be concluded that none of these effects can account for the missing factor in the measured value of the pd4 P RC signal. The pd4 AC signal is found to be more sensitive to offsets from the optimal demodulation phase than the pd4 P RC signal. An offset of 4.2
• from the optimum demodulation phase would account for the missing factor in the pd4 AC signal (Figure 12 ), but this is twice our estimated offset. Small deviations from the optimal modulation frequency are found to have a negligible effect on the pd4 AC signal. A deviation 10 % from the nominal modulation index (0.01) of the 14 MHz sideband changes the gradient of the pd4 P RC signal by approximately 10 %, which is insignificant in respect to the missing factor.
The discrepancies in the pd4 AC and pd46 P RC signal cannot be explained due to small deviations from the nominal values of the cavity length, demodulation phase and modulation index. As in the AM/PM scheme it is assumed that these discrepancies arise due to alignment inaccuracy.
Summary
We have presented and compare two novel methods to control a three mirror coupled cavity. Not all discrepancies of our measured gradients at the error point can be explained due to small deviations from the nominal values of the demodulation phases, modulation frequencies, modulation indices and a mode-mismatch due to beam waist and geometry. The discrepancies seemed to be minimised by improving alignment and so it is assumed that a better agreement would have been achieved if we had used a wave-front-sensing/auto-alignment control.
It was shown that in the present setup the gradients for the pd4 signal in the AM/PM arrangement are steeper than for the SSB/PM configuration. The reason for this can be found in the fact that for the SSB/PM arrangement the demodulation phase was chosen to correspond to the zero-crossing at the resonance point and not to the minimum PRM response as in the AM/PM configuration. The phasing of the pd4 signal in the AM/PM arrangement was found to be much more sensitive than in the SSB/PM scheme. When designing a control system it is desired to have a 'steep' gradient, and in that respect the AM/PM arrangement may be favourable, but its sensitivity to the optimum demodulation phase makes it very difficult to obtain the modelled gradient in the experiment.
Both methods provided a robust control for the coupled cavity system, and may be of value in the design of test systems prototypes of future interferometers as well as in full-scale detectors of advanced designs. It should be noted, that with our method to generate the AM we lost a substantial amount of our laser input power compared to that of the SSB. The power level in the AM/PM arrangement was approximately 75 % lower than in the SSB/PM one. This did not affect our coupling measurements, but this might be of crucial importance in interferometric gravitational wave detector.
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